This short note aims at (re)proving that the symmetrically normalized graph Laplacian
There exist discrete operators which are the equivalent of the gradient and the divergence operators defined on continuous manifold. They share with them some common properties and they converge also to their continuous counterparts for a sufficiently fine sampling of the underlying manifold.
The first one relies on the definition of edge derivative [1, 2] . For a smooth function f : V → R, the edge derivative of f on u ∈ V along the edge e = (u, v) ∈ E formed by the connected vertices u and v ∈ V reads ∇ e f u) =
is the degree of the vertex u. From this relation, we have obviously ∇ e f u) = −∇ e f v).
The gradient of f is then defined globally as the vector field ∇f : E → R defined on the edge set E as ∇f (e) = ∇ e f (u) for e = (u, v) ∈ E. This gradient can be represented as a linear operator ∇ ∈ R N ×N , so that
corresponds to the gradient of f on u ∈ V seen as a vector of R N . The norm of this object on each u ∈ V is defined naturally as
The scalar products f, g = u∈V f (u)g(v) and F, G = e∈E F (e)G(e) between two real functions f and g in the Hilbert space ℓ 2 (V ) = {h : u∈V |h(u)| 2 < ∞} and two vector fields F and G in ℓ 2 (E) = {H : e∈E |H(e)| 2 < ∞}, defined then the adjoint of the gradient, i.e. the graph divergence ∇ * . Indeed, applying the relation ∇g, F = g, −∇ * F valid in the continuous domain [3] , we get
The graph Laplacian of a function f is then defined as
Using matrix notations, this operator corresponds actually to the common (symmetric) normalized Laplacian defined on graph, i.e. 
with ∆ M the Laplace-Beltrami operator defined on M.
Proof. We follow a similar development to the one given in [5] . With the hypothesis of the Lemma, for any function h ∈ ℓ 2 (V ), we have
Since Y j = w(u, v j ) h(v j ) are iid for j = i, by the law of large numbers we have
where the integral is performed on the manifold with the local infinitesimal volume element d M y. The relation (2.9) in [5] (or Eq. (10) in [6] ) explains that
where E(u) = 1 3 S(u) and S is the scalar curvature of M [4] . Therefore,
where the notation O(µ, ν) means |O(µ, ν)| < Cµ + Dν for two positive values µ, ν ≪ 1. Taking h = 1, we get then
Therefore,
in (1), we get
where the scalar product ·, · TuM occurs in the tangent plane T u M ≃ R d of M on u with the metric of the manifold [4] . For any function s on M, the gradient 
